Abstract. We prove the weight-monodromy conjecture for varieties which are p-adically uniformized by a product of the Drinfeld upper half spaces. It is an easy consequence of Dat's work on the cohomology complex of the Drinfeld upper half space.
Introduction
Let X be a proper smooth variety over a p-adic field F . For a prime number ℓ = p and an integer i, the absolute Galois group Gal(F /F ) acts on the ith ℓ-adicétale cohomology H i (X ⊗ F F , Q ℓ ). This action determines two filtrations on the cohomology; the weight filtration and the monodromy filtration. The weightmonodromy conjecture predicts that these two filtrations coincide up to shift by i. This conjecture, due to Deligne [Del71] , is widely open. It is known in the following cases:
(i) X has good reduction over O F ([Del74] , [Del80] ).
(
ii) X is an abelian variety ([SGA7, Exposé IX]). (iii) i ≤ 2 ([RZ82], [dJ96]).
(iv) X is uniformized by the covering of the Drinfeld upper half space ([Ito05] , [Dat06] , [Dat07] ). (v) X is a set-theoretic complete intersection in a projective smooth toric variety ([Sch12] ). In this short note, we will slightly generalize the case (iv); we will consider a variety X which is uniformized by a product of the Drinfeld upper half spaces.
Our setting is as follows. Let F , F ′ be p-adic fields and F ′′ a p-adic field containing F and
To simplify the notation, we write
. For a discrete torsion-free cocompact Our strategy is the same as that in [Dat06] . First we determine the monodromy operator on the cohomology complex RΓ c ((
, which is an object of the derived category of smooth G × G ′ -representations. Using this result, one can easily compute the cohomology of X, from which the weight monodromy conjecture is deduced.
Although Theorem 1.1 is stated for the product of two Drinfeld upper half spaces, our argument also works for the product of more than two Drinfeld upper half spaces. Further, as in [Dat07] , we may replace the Drinfeld upper half space by its covering introduced by Drinfeld [Dri76] . See Theorem 2.5.
Interesting examples of varieties uniformized by a product of Drinfeld upper half spaces are given by some unitary Shimura varieties (see [RZ96, Theorem 6 .50]). By using our result, we can compute the ℓ-adic cohomology and the local Hasse-Weil zeta functions of such Shimura varieties without any effort. See the remark in the end of this note.
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Notation Throughout this paper, ℓ denotes a prime number different from p. Fix an isomorphism Q ℓ ∼ = C and identify them. All representations are considered over this field.
In the notation of ℓ-adicétale cohomology, we omit the coefficient Q ℓ and the base change to a separable closure. For example,
2 Proof 
Proof. For (i) and (ii), apply [Dat06, Théorème 1.3] to the semisimple group G ×G ′ . The claim (iii) follows from [Vig97, Theorem 6.1], since the cuspidal supports of
Now we recall a result of Dat, which is crucial for our work. In [Dat06] , he studied the cohomology complex 
compatible with the actions of ϕ. It induces an isomorphism 
where rec F (resp. rec F ′ ) denotes the local Langlands correspondence for F (resp.
Proof. For simplicity, we only consider the cases (I, J) = (∅, ∅), (∅, {1, . . . , d ′ −1}). Other cases can be treated similarly.
First consider the case (I, J) = (∅, ∅). By Theorem 2.2 (i) and the Künneth formula, we have
By Lemma 2.1 (i), we have
where Ext
is a one-dimensional vector space for each i and j. Let e 0,0 ∈ Hom
as the image of e 0,0 under the map
. By Lemma 2.1 (ii) and Theorem 2.2 (iii), e i,j is a basis of Ext
Ne i,j = e i+1,j + e i,j+1 .
Therefore we conclude that
We note that the right hand side concentrates in the degree −d − d ′ + 2. Next assume that I = ∅ and J = {1, . . . , d
′ − 1}. Then, Lemma 2.1 (i) tells us that 
by Lemma 2.1 (iii).
Corollary 2.4 Let Γ be a discrete torsion-free cocompact subgroup of
Moreover, the weight-monodromy conjecture holds for 
As in the proof of [Dat06, Corollaire 4.5.1], we have
By using Theorem 2.3 and taking dual, we obtain the desired description of
For the weight-monodromy conjecture, just note that
The argument above applies to the product of more than two Drinfeld upper half spaces without any difficulty. Furthermore, it is also valid even if we replace the Drinfeld upper half spaces by its coverings introduced in [Dri76] . Namely, the following theorem holds.
be an irreducible smooth representation of GL n (F ) (resp. GL n (F ′ )) with the same central character as ρ (resp. ρ ′ ).
(See also [Dat07, Lemme 4.4 .1].) (ii) Let Γ be a discrete torsion-free cocompact subgroup of GL d (F ) × GL d ′ (F ′ ), and n, n ′ ≥ 0 integers. Then, RΓ(M n × F ′′ M ′ n ′ /Γ) can be computed as in [Dat07, . In particular, the weight-monodromy conjecture holds for
Proof. Use the result in [Dat07] in place of Theorem 2.2.
We may apply Theorem 2.5 to the unitary Shimura varieties appearing in [RZ96, Theorem 6.50] . By the same method as in [She14, §3] , one can compute the ℓ-adic cohomology of them using Theorem 2.5 (i). This considerably simplifies the proof of the main result of [She14] ; the study on test functions in [She14, [4] [5] [6] [7] is no longer needed. The local Hasse-Weil zeta functions of such Shimura varieties can be computed directly. The result is the same as in [She14, Corollary 7 .4] (but we do not need the assumption r = 1).
